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Quantum tomography is a widely applicable tool for complete characterization of quantum states
and processes. In the present work, we develop a method for precision-guaranteed quantum pro-
cess tomography. With the use of the Choi–Jamiokowski isomorphism, we generalize the recently
suggested extended norm minimization estimator for the case of quantum processes. Our estimator
is based on the Hilbert-Schmidt distance for quantum processes. Specifically, we discuss the appli-
cation of our method for characterizing quantum gates of a superconducting quantum processor in
the framework of the IBM Q Experience.
I. INTRODUCTION
A task of the complete characterization of quantum
states and processes is an essential part of quantum tech-
nologies [1]. Quantum tomography allows complete char-
acterization and assessment of a state via carrying out
measurements over multiple copies of the state in vari-
ous bases [2]. An important part of tomographic proto-
cols is evaluating the accuracy of the output result. This
problem has been widely studied [3–11]. A useful tech-
nique for solving this task, which is known as precision-
guaranteed quantum state tomography, has been pro-
posed in Ref. [9]. This approach has a number of impor-
tant advantages over other existing approaches. First,
it can guarantee that the state estimated by a quan-
tum tomography protocol is arbitrarily close to the true
state with a high probability if the number of measure-
ments is sufficient. Moreover, the bounds on a distance
measure between the reconstructed density matrix and
true density matrix for given confidence level (CL) can
be extracted from experiments. As the distance mea-
sure between the reconstructed density and true density
matrices, Hilbert-Schmidt distance, trace distance, and
infidelity have been considered.
Although the precision-guaranteed quantum state to-
mography is helpful for evaluating the precision of the
quantum states preparation, quantum information pro-
cessing systems also require an approach for evaluating
the quality of operations with quantum states. One of
the ways to solve this problem is to use the random-
ized benchmarking technique [12]. Much more detailed
information can be obtained via quantum process tomog-
raphy [13–19, 27], which is a natural extension of quan-
tum state tomography. Quantum process tomography
allows predicting the effect of the quantum processes on
arbitrary input states. This technique has been used in
a number of experiments and, in particular, for charac-
terization of a controlled-NOT (CNOT) gate [14] in the
linear-optics experiment. We note that two-qubit entan-
gling gates, such as CNOT, are fundamental elements in
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Figure 1. The basic scheme of the precision-guaranteed pro-
cess tomography.
archetypal gate-based quantum computers.
The question of precision is also of great importance for
quantum process tomography protocols. Data processing
in quantum process tomography experiments can be sim-
plified via the Choi–Jamiokowski isomorphism [20, 21].
The Choi–Jamiokowski isomorphism establishes a corre-
spondence between linear completely positive (CP) maps
E from operators on the Hilbert space H to space K
and positive semidefinite operators on the Hilbert space
H⊗K. The problem of the experimental characterization
of quantum processes could be then reduced to the esti-
mation of a specific quantum state in the Hilbert space of
a higher dimension, which is known as a Choi state. The
task of complete characterization of quantum processes
is of special interest in the context of the characterization
of noisy intermediate-scale quantum devices. Indeed,
one can think of using precision-guaranteed quantum-
process tomography techniques for estimating the quality
of quantum gates.
In this work, we develop a method for quantum process
tomography with guaranteed precision. For this task, we
use the Choi–Jamiokowski isomorphism for the general-
ization of the approach for estimating the precision of
quantum-state tomography for the case of quantum pro-
cesses (see Fig. 1). We develop our estimators on the
basis of the Hilbert-Schmidt distance. The suggested ap-
proach allows obtaining not only an estimate of an un-
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2known quantum state or process, but also estimating a
distance to target states or processes. We apply our tech-
nique for experimental characterization of quantum gates
in a superconducting quantum processor.
Our work is organized as follows. In Sec. II, we con-
sider the precision-guaranteed quantum-state tomogra-
phy protocol. In Sec. III, we describe the suggested gen-
eralization of the precision-guaranteed technique for the
case of quantum processes. In Sec. IV, we use the pro-
posed approach for characterizing quantum gates in a
quantum processor. We summarize our results in Sec. V.
II. PRECISION-GUARANTEED QUANTUM
STATE TOMOGRAPHY
Here we first briefly review the precision-guaranteed
quantum-state tomography protocol [9]. We consider a
d-dimensional Hilbert space H and a quantum state ρ
given by a positive semi-definite unit-trace linear Hermi-
tian operator acting on H. Consider a set of measure-
ments Π = {Π(j)}Jj=1, where each Π(j) = {Π(j)m }M
(j)
m=1 is
a positive operator-valued measure (POVM). The opera-
tors Π
(j)
m , called effects, satisfy the natural requirements:
Π
(j)
m ≥ 0,∑m Π(j)m = I, where I is the identity operator
in H.
Let us introduce a vector consisting of orthonormal
operators λ = (λ1, . . . , λd2−1), for which one has trλi = 0
and tr(λiλj) = 2δij , where δij is the Kronecker symbol.
Then any density matrix ρ can be parametrized in the
following way:
ρ = ρ(s) =
1
d
I +
1
2
(s, λ), (1)
where s = (s1, . . . , sd2−1) is a vector of real parameters
and (·, ·) stands for the standard dot product between
vectors. One can also write down the decomposition of
POVM effects as follows:
Π(j)m = a
(j)
m,0I+ (a
(j)
m , λ), (2)
where a
(j)
m,0 are real, and a
(j)
m is d2 − 1 real vector.
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Figure 2. The idea behind the precision-guaranteed quantum
state tomography protocol.
We then consider a problem of calculating an estimate
of the state ρ from the measurement result obtained by
measuring Π. Let each Π(j) was measured n(j) times
and each of the effects Π
(j)
i was obtained n
(j)
i times
(
∑M(j)
i=1 n
(j)
i = n
(j)). We can construct a linear least
squares (LLS) estimator given by the following expres-
sion:
ρLLS := ρ(sLLS), sLLS = AL(f − a0),
AL := (A
TA)−1AT ,
(3)
where (i, (j,m))th element of A is given by a
(j)
m,i, f(j,m) =
n
(j)
m /n(j), a0,(j,m) = a
(j)
m,0. By definition ρ
LLS satisfies a
requirement trρLLS = 1. However, some of the eigenval-
ues may appear to be negative, which corresponds to a
not physically plausible state.
In order to satisfy the physical conditions, we introduce
an extended norm minimization (ENM) and obtain the
physical estimate in the following form:
ρENM := arg minρ′≥0,trρ′=1
[
∆HS
(
ρLLSN , ρ
′)]2 , (4)
where
∆HS (ρ, ρ′) := 2−1/2
[
tr (ρ− ρ′)2
]1/2
(5)
is the Hilbert-Schmidt distance. ρENM can be obtained
by removing terms with negative eigenvalues from the
spectral decomposition of ρLLS followed by renormaliza-
tion to obtain a unit trace.
In Ref. [9] it is proven the following result for ρENM:
Pr
[
∆HS
(
ρENM, ρ
) ≤ δ] ≥ CL, (6)
where
CL := 1− 2
d2−1∑
α=1
exp
[
− 8
(d2 − 1) cα δ
2N
]
(7)
is CL defined via
cα :=
J∑
j=1
r(j)
(
max
m
[
A−1L
]
α,(j,m)
−min
m
[
A−1L
]
α,(j,m)
)2
,
r(j) :=
N
n(j)
, N :=
∑
j
n(j). (8)
Eq. (6) can be interpreted as follows: With probability
at least CL our estimate ρENM is no further than δ from
real state ρ (in terms of Hilbert-Schmidt distance). We
note that Eq. (6) also allows us to estimate a distance
between the real state ρ and some target state ρtarget.
Using the triangle inequality, one obtains the following
relation [see also Fig. 2]:
∆HS(ρ, ρtarget) ≤ ∆HS(ρENM, ρtarget) + ∆HS(ρENM, ρ).
(9)
We note that ∆HS(ρENM, ρtarget) =: δ0 can be easily cal-
culated. Thus, finally we obtain the following expression:
Pr
[
∆HS
(
ρ, ρtarget
) ≤ δ˜] ≥ CL, δ˜ := δ + δ0. (10)
3This estimate can provide information about the quality
of the preparation process for a given state and help to
perform its calibration. The next stage is to extend this
approach for the case of quantum processes.
III. QUANTUM PROCESS TOMOGRAPHY
WITH GUARANTEED PRECISION
For estimating the quality of operations with quantum
states, the discussed above precision-guaranteed tech-
nique should be extended for the case of quantum pro-
cesses. Let us consider a completely positive trace pre-
serving (CPTP) map E transferring linear operators act-
ing on some Hilbert space Hin to linear operators acting
on Hilbert space Hout.
Our technique allows obtaining a bound ∆˜ on the
Hilbert-Schmidt distance between the target Choi state
ρtargetE and true Choi state given by
ρE =
1
din
∑
n,m
|n〉〈m| ⊗ σn,m, σn,m = E [|n〉〈m|] (11)
of an unknown process E [·] for a given confidence level
CL such that
Pr
[
∆HS(ρE , ρ
target
E ) ≤ ∆˜
]
≥ CL. (12)
First, we consider a problem of obtaining a point es-
timate ρrecE of an unknown Choi state ρE by performing
tomography of a set of output states {ρout,i = E [ρin,i]}Mi=1
obtained from known set of input states {ρin,i}Mi=1 (see
also Fig. 1). Here we assume that the set {ρin,i}Mi=1 forms
an (over)complete basis in the space of linear operators
acting in the Hilbert space of input states.
In order to obtain ρrecE , let us rewrite the Choi in the
following form:
ρE =
1
din
∑
n,m
|n〉〈m| ⊗
∑
k
Ckn,mρout,k, (13)
where coefficients Ckn,m arrive from the decompositions:
|n〉 〈m| =
∑
k
Ckn,mρin,k. (14)
Let ρENMout,i be a result of the tomographic reconstruction
of ρout,i with the use of the precision-guaranteed state
tomography protocol (which is described above). We as-
sume that each ρENMout,i is obtained with same measure-
ments and number of samples, so we can introduce a
pair (CL, δ) such that
∆HS(ρout,k, ρ
ENM
out,k) = 2
−1/2
√
tr [χ2k] ≤ δ (15)
with the probability at least CL, where χk := ρout,k −
ρENMout,k. Next, let us introduce a state
ρENME :=
1
din
∑
n,m
|n〉〈m| ⊗
∑
k
Ckn,mρ
ENM
out,k (16)
and consider its projection
ρrecE := arg min
ρ′∈S
‖ρ′ − ρENME ‖2 (17)
on the space S of physical Choi states, which are semi-
positive and whose partial trace over the first subsys-
tem gives a maximally mixed state. In order to obtain
the projection, one can employ techniques proposed in
Ref. [22].
In order to estimate an upper bound on the Hilbert-
Schmidt distance ∆HS(ρE , ρrecE ) we use the following in-
equality:
∆HS(ρE , ρrecE ) ≤ ∆HS(ρE , ρENME ) =
1
din
√
2
tr
(∑
n,m
|n〉 〈m| ⊗
∑
k
Ckn,mχk
)2
1
2
,
(18)
One can see that
tr
(∑
n,m
|n〉 〈m| ⊗
∑
k
Ckn,mχk
)2 =
∑
k,k′
tr[χkχk′ ]
∑
n,m
Ckn,mC
k′
m,n ≤ 2δ2
∑
k,k′
∣∣∣∣∣∑
n,m
Ckn,m
(
Ckn,m
)∗∣∣∣∣∣ ,
(19)
in the view of the Ho¨lder’s inequality
tr [χkχ
′
k] ≤
√
tr [χ2k] tr
[
χ
′2
k
] ≤ 2δ2. (20)
As a results, we arrive at the following inequality:
∆HS(ρE , ρrecE ) ≤
δ
din
√√√√∑
k,k′
∣∣∣∣∣∑
n,m
Ckn,m
(
Ck′n,m
)∗∣∣∣∣∣ =: ∆,
(21)
and the statement about precision of reconstructing ρE
reads
Pr
[
∆HS(ρE , ρrecE ) ≤ ∆
] ≥ CL. (22)
In order to obtain the desired estimate (12) one just need
to set
∆˜ := ∆ + ∆HS(ρtargetE , ρ
rec
E ). (23)
Finally, we note that for given values of δ and CL, de-
termined by the state-tomography protocol, the accuracy
of the process-tomography is determined by coefficients
{Ckn,m}. Thus, the considered approach allows finding
an optimal set of probe states whose tomography after
passing them through the channel gives the best recon-
structing accuracy.
It is also important to note that in our considera-
tion we rely on Ho¨lder’s inequality, that is possible due
to the definition of the Hilbert-Schmidt distance. One
should be careful with the Hilbert-Schmidt distance since
4i ρENMout,i δi δ˜i
1
[
0.969 − 0.038− 0.027i
−0.038 + 0.027i 0.031
]
0.03 0.06
2
[
0.420 0.009 + 0.348i
0.009− 0.348i 0.580
]
0.03 0.15
3
[
0.430 − 0.38− 0.193i
−0.380 + 0.193i 0.570
]
0.03 0.11
4
[
0.419 0.235− 0.288i
0.235 + 0.288i 0.581
]
0.03 0.20
Table I. Experimental results of the precision guaranteed state
tomography of output states for CL = 0.87.
two completely orthogonal mixed states ρ1 and ρ2 with
tr(ρ1, ρ2) = 0 can have ∆
HS(ρ1, ρ2) ∼ d−1/2 → 0 with
d → ∞. However, this problem does not emerge in low-
dimensional Hilbert spaces which are the main case study
of our work.
IV. CHARACTERIZATION OF QUANTUM
GATES
The developed technique is of particular interest for
quantum computing platforms, where any computation
is imperfect due to the presence of decoherence and ex-
perimental imperfections. We employ the considered ap-
proach to tomography of the quantum teleportation pro-
tocol, which is simulated on IBM Q5.1 superconducting
quantum processor (see Fig. 3).
The considered three-qubit circuit simulates a single-
qubit teleportation protocol via a shared entangled Bell
state [1]. The circuit simulates all the steps of the proto-
col including the Bell state construction, Bell measure-
ment on Alice’s side, classical communication from Alice
to Bob, and local operations on Bob’s side. In the ideal
case, the teleportation protocol corresponds to the iden-
tical channel, which transfers the state space of the phys-
ical qubit Q2 to the state space of the physical qubit Q0
with the corresponding Choi state ρId = |Φ+〉 〈Φ+| with
|Φ+〉 = 2−1/2(|00〉 + |11〉). In reality, the resulting map
is given by some different Choi state ρtelep mainly due to
imperfections of two-qubit controlled not (CNOT) gates.
We note that in our consideration we focus on two-qubit
gate errors and then assume that errors of qubits initial-
izations in zero states and errors of all single qubit gates
are negligible. Surely, they exist in realistic quantum
computing devices, however, there are several technique
for the suppression of their role.
In order to perform the process tomography protocol,
we employ a set of four pure input states
ρin,i = |ψi〉 〈ψi| , |ψi〉 = Pi |0〉 , i ∈ {1, 2, 3, 4} (24)
which are prepared by using the corresponding set of uni-
tary operators
P1 = I, P2 = Rx(θ0), P3 = Rz
(
4pi
3
)
Rx(θ0),
P4 = Rz
(
2pi
3
)
Ry(θ0), θ0 = arccos
(
−1
3
)
.
(25)
Here and after Rx(·), Ry(·), Rz(·) stand for standard
rotation operations around the corresponding axis of the
Bloch sphere [1]. One can see that the set {|ψ〉i}4i=1 forms
a regular tetrahedron in the Bloch sphere. One can check
that this choice of the input states provides a minimum
of ∆ for given δ and din = 2 in Eq. (21).
Unlike the case of single-qubit gates, imperfections of
the final computational basis measurement are taken into
account, and after the calibration procedure we obtained
its positive-operator valued measure (POVM) in the fol-
lowing form:
Π(3) =
{[
0.972 0
0 0.093
]
,
[
0.028 0
0 0.907
]}
. (26)
With the use of preceding unitary operators we ob-
tained an informationally-complete set of POVMs Π =
{Π(1),Π(2),Π(3)}, with Π(i)j = U†i Π(3)j Ui and
U1 = Ry
(pi
2
)
, U2 = Rx
(pi
2
)
, U3 = I. (27)
The results of the precision-guaranteed state tomog-
raphy protocol of output states {ρout,i}4i=1 is presented
in Table I. The measurement statistics is obtained with
n(i) = 8192 circuit runs for each configuration of input
state preparation and output state measurement (thus,
in total we have Ntot = 3 · 4 · 8192 = 98304 runs of the
circuits). The upper bound on the Hilbert-Schmidt dis-
tance δi between point estimates ρ
ENM
out,i and true output
states ρout,i for a given CL appeared to be the same for all
inputs since we use the same measurement setup. The
dependence of CL on δ := δi is presented in Fig. 3(c).
For our further consideration we fix a point δ = 0.03 and
CL = 0.87. In the Table I we also show an upper bound
on distances δ˜i to ideal (target) output states equal to
the input ones ρtargetout,i = ρin,i.
The experimental results of the whole precision-
guaranteed process tomography are summarized in Ta-
ble II. Due to the choice of the input states set, the upper
bound ∆ on the Hilbert-Schmidt distance for the given
CL between real Choi state and the reconstructed one
appeared to be equal to δ. Using a distance to the ideal
(target) Choi–Jamiolkowiski state ρId we can formulate
the final results of the precision-guaranteed approach:
Pr[∆HS(ρtel, ρ
rec
tel ) ≤ 0.03] ≥ 0.87,
Pr[∆HS(ρtel, ρId) ≤ 0.18] ≥ 0.87.
(28)
One can see that the uncertainty of the reconstructed
Choi–Jamiolkowiski state due to the final statistics is
much lower than the distance to the target state. Thus,
5H
HH
Pi
Uj
H
input state 
preparation
Bell state 
preparation
Bell measurement classical communication and local operations
measurement for 
output state 
tomography
 0
 0
 0
Q2
Q0
Q1
Q4 Q0
Q3 Q1
Q2
(a) (b)
0.03 0.04 0.05
0.6
0.8
1.0
CL
δ
(c)
Figure 3. In (a) the scheme of connection in the IBM Q5.1 processor is presented. The arrows between physical qubits
correspond to the ability to perform immediate CNOT gates (arrow is directed from the control qubit to the target one). In
(b) the general scheme of the teleportation circuit tomography is shown. Here an arbitrary quantum state prepared on Q2 is
transferred and then measured on Q0. In (c) the confidence level CL is presented as a function of the Hilbert-Schmidt distance
upper bound δ in the employed precision-guaranteed state tomography.
ρrectel ∆ ∆˜
0.484 − 0.019− 0.013i − 0.004 0.372 + 0.058i
−0.019 + 0.013i 0.016 −0.020 0.003− 0.002i
−0.003− 0.002i − 0.002 0.075 − 0.024− 0.027i
0.397 + 0.058i 0.003 + 0.002i −0.024 + 0.027i 0.425
 0.03 0.18
Table II. Experimental results of the precision guaranteed process tomography based on the results from the Table I (CL = 0.87).
one can conclude that imperfections of CNOT gates have
the significant impact on the resulting state. Our tech-
nique gives a qualitative analysis of this impact.
V. CONCLUSION AND OUTLOOK
Here we summarize the main results of our work. We
have demonstrated a method for precision-guaranteed
quantum process tomography. We have applied this
technique for characterizing quantum gates in the super-
conducting quantum processor in the framework of the
IBM Q Experience. The obtained results can be used
for precision-guaranteed quantum process tomography in
quantum systems of various nature, including supercon-
ducting circuits, atomic arrays, and photonic devices.
We also note that a straightforward approach to quan-
tum process tomography is to probe the process with a
set of states whose density operators form a spanning
set in the space of all operators over a particular Hilbert
space [13]. However, this approach requires a large set
of difficult-to-prepare probe states, and is consequently
restricted to to low-dimensional systems. One of the pos-
sible solutions is to use coherent quantum states only
for characterizing quantum processes [23–27]. Therefore,
an important task is to extend the suggested method
for evaluating the precision of quantum processes for the
case of coherent states as probes. Moreover, the promis-
ing direction of the research is employing the precision
guaranteed tomography in self-calibrating protocols [28].
Another interesting point is to use this technique for in-
vestigating possible advantages of machine learning ap-
proaches for tomography of quantum states and pro-
cesses [29, 30].
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